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Abstract: In this independent study project, the problem of interfacial stress concentrations was 
considered from the perspective of shear lag solutions. We considered a fiber encased by a 
coaxial matrix sheath. An applied axial load on the sheath can increase the interfacial shear stress 
towards the ends of the fibers within the composite. This concentration of shear stress at the ends 
can cause debonding and failure of the composite. Because of the shear lag phenomenon, axial 
stress is maximum at the half-length of the fiber and decreases towards the ends. Conversely, the 
transference of stresses from matrix to fiber causes the shear stress to be zero at the midpoint of 
the fiber and then drastically spike at the end of the fiber. This problem has been long studied 
through shear lag approaches. This paper studies in detail a new shear lag approach for a fiber 
with stiffness that varies along its length, and documents how a piecewise functionally graded 
fiber, linearly decreasing in stiffness from the mid-point towards the end, can alleviate this shear 
concentration, reducing the risk of failure. The derivation is recounted here, and the solution 
methods and numerical techniques I developed to solve the equations is described. A parametric 
study was performed in which stress fields associated with functionally graded fibers were 
compared to a reference case with fibers of constant stiffness. Results show that functional 
grading of fibers, when chosen within a specific range, can substantially alleviate stress 
concentrations.  
 
Introduction and Background 
Interfaces between materials are common and critical locations of failure [1-3]. This is especially 
true in the body, where, for example, stress concentrations at the attachment of tendon to bone 
are sites of frequent injury and poor healing [4-9]. A range of strategies can be observed in 
nature and engineering for the alleviation of such stress concentrations [10-13]. In both, 
macroscopic tailoring of materials and structures is observed at the interfaces between dissimilar 
materials [14-16]. Strategies such as interdigitation of different tissues is observed, as well as the 
introduction of disorder in the fibers that underlie the structural tissues of the body [17-20]. In 
both nature and engineering, functional grading is observed, in which the stiffnesses of tissues 
vary with respect to position [21-26]. This can alleviate stress concentrations [27-28]. Motivated 
by the observation that both fibrous structure and spatial distribution of material properties in the 
body appear optimized to reduce stress concentrations, we hypothesized that tailoring of the 
fibers themselves might be beneficial in this regard. We therefore developed a solution for the 
stress fields surrounding a functionally graded fiber. 
 
The solution approach used was the approximate shear lag method [29-32]. This method enables 
a closed form approximation of stresses surrounding a fiber based upon approximate, simplified 
kinematics for the displacement field surrounding the fiber. The approach has been used 
extensively in engineering, and has found much utility in the study of biological attachments [33-
35]. This paper studies in detail a new shear lag approach for a fiber with stiffness that varies 
along its length, and documents how a piecewise functionally graded fiber, linearly decreasing in 
stiffness from the mid-point towards the end, can alleviate this shear concentration, reducing the 
risk of failure. The derivation is recounted here, and the numerical techniques I developed to 
solve the equations is described. A parametric study was performed in which stress fields 
associated with functionally graded fibers were compared to a reference case with fibers of 
constant stiffness. Results show that functional grading of fibers, when chosen within a specific 
range, can substantially alleviate stress concentrations. 
 
Figure 1. Model problem considered: a fiber whose stiffness varies with position, z. 
Analysis 
The shear lag analysis approach used here built from previous approaches [29-32], and was first 
conceived of by Victor Birman [36]. A fiber embedded in a matrix was considered (Figure 1). 
Rather than the standard shear lag solution, for which the fiber and matrix had identical stiffness, 
a case was considered in which the stiffness of the fiber varied with the axial position, z. The 
usual shear lag approximations were made: the fiber and matrix were treated as linearly elastic, 
isotropic, and perfectly bonded. The fibers were treated as being spaced in a hexagonal array so 
that the shear stress at the outer boundaries of cylinders that approximated this spacing could be 
neglected by symmetry arguments. Radial displacements and stresses were treated as negligible 
compared to axial displacements and stresses, so that loads transfer between the matrix and the 
fiber could be modeled as occurring exclusively via shear stress. Fibers were treated as very long 
and slender so that axial displacements, strains and stresses could be modeled as uniform across 
the fiber. The axial strain at the outer boundary of the cylinder of matrix enclosing the fiber was 
modeled as equaling the axial strain of the overall composite. The axial stresses at the ends of the 
fiber were treated as sufficiently small to be negligible. 
 
With these criteria met, the piecewise solution for the axial stress 𝜎𝑓
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where ϵ𝑎 is the applied strain (the mean axial strain in the composite), 𝐸𝑓
𝑗
 is the elastic modulus 













in which 𝐸𝑚 is the elastic modulus of the matrix material, 𝜈𝑚 is Poisson’s ratio of the matrix 








where 𝑟𝑓 is the radius of the fiber and 𝑟𝑚 is the outer radius of the unit of fiber and matrix 
modeled (Figure 1). The subscripts 𝑓 and 𝑚 denote a relationship to either the fiber or the matrix 
and z is the axial distance starting from the mid-point.  
 
To solve for the constants 𝐴𝑗 and 𝐵𝑗 in every piece of the composite boundary and continuity 
conditions were applied. The boundary conditions on the stresses were: 
 
τ𝑓
1(0) = 0 (5) 
σ𝑓
𝑁(𝑧 = 𝑁𝑙0) = 0 (6) 
 
in accordance with general shear lag solutions. The shear stress is zero at the midpoint and the 
axial stress is zero at the end of the fiber. 𝑙0 is the length of each segment, thus 𝑁𝑙0 corresponds 
to the very end of the composite.  
 
The continuity conditions were the following: 
τ𝑓
𝑗(𝑧 = 𝑗𝑙0) = τ𝑓
𝑗+1(𝑧 = 𝑗𝑙0) (7) 
𝜎𝑓
𝑗(𝑧 = 𝑗𝑙0) = 𝜎𝑓
𝑗+1(𝑧 = 𝑗𝑙0) (8) 
These continuity conditions ensure that the stresses remain the same at the boundaries between 
the end of one segment and the beginning of the next. With N number of segments there are 2 N 
constants to solve for and 2 N equations.  
 
The constants were solved for by inverting a matrix similar to the one shown below for a two-

















































































Code was written in MATLAB so that matrices like the one above could be quickly inverted. 
However, MATLAB was unable to handle the magnitude of the numbers produced by the rapid 
growth of the 𝑠𝑖𝑛ℎ and 𝑐𝑜𝑠ℎ functions. The matrix was ill-conditioned. These functions were 
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[𝐺𝑗 exp(𝛽𝑗𝑧/𝑟𝑓) − 𝐻𝑗 exp(−𝛽𝑗𝑧/𝑟𝑓)] 
 
(15) 
The new constants, G and H in equations 14 and 15, are now the constants that need to be solved 

















































































These new equations proved to create a greatly improved matrix conditioning. For any number 
of segments, the matrix was able to be inverted and produce constants. 
 
Validation and results 
Once the constants were solved for, they were used in equations (14) and (15) to generate 
a plot of the normalized stress as a function of displacement for a fiber with a constant modulus. 
These plots were compared to the non-graded shear lag solution shown below: 



























Figure 2. Comparison of Standard Shear Lag Solution to Piecewise Solution for a 
Constant Modulus 
 
As shown, there is no difference in these curves. Thus, the derived piecewise solution is 
valid and can be used to approximate the stresses for a functionally graded fiber.  
Having verified the piecewise solution, multiple curves were generated to explore the 
effect of a varying modulus. First the modulus was linearly increased from the midpoint of the 
fiber towards the end. The function for the Young’s modulus gradation and various fiber and 
matrix properties/dimensions were: 𝑟𝑓 = 150 𝜇𝑚, 𝐸𝑚 = .3 𝐺𝑃𝑎, 𝑟𝑚 = 190.5 𝜇𝑚, 𝜖𝑎 =





These parameters were used to generate the stress plots. W in the fiber modulus function 
corresponds to the curve number. Five curves were generated with W starting at zero for a 
constant modulus fiber. The subsequent curves had W values that increased by one each time 
(W=0,1,2,3,4) to create a steeper gradient. The generated curves are shown below in Figure 3.  
 
 
Figure 3. Stress Plot for a Fiber with a Linearly Increasing Modulus 
 Compared to the constant modulus solution (W=0) a slight reduction in the shear stress 
concentration was achieved by linearly increasing the modulus of the fiber. The steeper the 
gradient, the more of a reduction.  
 The same parameters as above were used to create a model for a fiber with a decreasing 
modulus where: 
 





The results of a study for a fiber with a linearly decreasing modulus are shown below.  
 
 
Figure 4: Stress Plot for a Fiber with a Linearly Decreasing Modulus 
 
Compared to the constant modulus solution (W=0), a drastic reduction in the shear stress 
concentration was achieved as the gradient was increased.  
Thus, it can be concluded that steeply decreasing the Young’s Modulus of a fiber in a 
composite will vastly reduce the shear stress concentration in the composite, reducing the 
chances of debonding or failure.  
 
Conclusion 
The interfacial stress concentration that occurs in a composite can be reduced by a 
functional grading of the modulus in the fiber. Either increasing or decreasing the modulus will 
reduce this concentration but a steep decrease of the modulus towards the end of fiber yielded the 
greatest reduction of the concentration.  
This solution can be applied to the insertion of tendon into muscle. If tendon is 
approximated as linearly isotropic, it can take the role of the fiber, muscle would become the 
matrix. As tendon enters muscle, its radius decreases as it tapers off. Therefore, the reduction in 
stiffness does not come from a change in modulus, rather, it comes from the tapering of the 
tendon. Further research is needed but this could serve to explain why the tendon-muscle 
connection is so strong, and better to repair it.  
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